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Some observational constraints on the brane-world based on predictions from specific models in
five dimensions, have been recently reported, both on local and cosmological scales. In order to
identify the origins of these constraints, the equations of motion of the brane-world are translated
to the most general, model-independent (or “covariant”), formulation of the theory, based only on
the Einstein-Hilbert action for the bulk geometry, the confinement of the standard gauge interactions
and the exclusive probing of the extra dimensions by the gravitational field. In the case of the binary
pulsar PSR1913+16, it is found that gravi-vectors and gravi-scalars do not appear in the covariant
equations, but they are replaced by vector and scalar fields related to the extrinsic curvature of
the brane-world. Only the latter one impose a condition on the binary pulsar orbits. A general
solution for this problem is proposed, based on results from differential geometry, suggesting a stable
bulk geometry, whose existence requires higher dimensions. On the cosmological scale, it is shown
that the high energy inflation constraint originating from the square of the energy density term
in the modified Friedman’s equation is mainly due to the assumption of the reflection symmetry
across the brane-world. It is shown that this symmetry is not consistent with the regularity of the
brane-world. These results suggest that the two constraints can be lifted by increasing the number
of extra dimensions.
PACS numbers: 11.10.Kk,11.17.+y,12.25.+e
I. THE CONSTRAINTS
When a theory is faced with observational constraints,
it becomes necessary to verify the extent in which its pre-
dictions depend on the properties of used models. Only
when those predictions are covariant in the sense of be-
ing model independent we may convince ourselves that
the constraints pose a real problem to the theory in it-
self. This appears to be the current situation in brane-
world theory in five-dimensions, where several models
have been recently checked against precision astrophysi-
cal and cosmological observational constraints.
In particular, the interference of linear gravita-
tional waves generated by the bulk geometry over the
quadrupole formula for the binary pulsar PSR1913+16,
predicts an error of about 20%, against an observed error
of just 0.5% [1]. In the cosmological scale, different mod-
els lead to a modified Friedman’s equation depending on
the square of the energy density, whose effect is to pro-
duce a slowdown of the high energy inflation, in disagree-
ment with the recent data from the WMAP/SDSS/2dF
surveys [2, 3].
The purpose of this paper is find why these constraints
occur, by rewriting them in the most general model-
independent formulation (sometimes referred to as “co-
variant” formulation) and, whenever possible propose
solutions. The model-independent formulation of the
brane-world is characterized only by the Einstein-Hilbert
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action for the bulk geometry, the confinement of the stan-
dard gauge interactions and the exclusive probing of the
extra dimensions by the gravitational field at the TeV
scale of energy [4]. The result is a set of bare equations
of motion, to which we may add specific model proper-
ties afterwards (These are in fact well known equations
which have been extensively applied to the construction
of diverse models in five dimensions [5, 6, 7, 8, 9, 10, 11]).
We find that gravi-vectors and gravi-scalars do not ap-
pear in the covariant equations, but they are replaced by
the components of the extrinsic curvature and its contrac-
tion, satisfying equivalent vectors and scalar equations.
Therefore, using the same conditions as in [1], we ob-
tain essentially the same graviton equations and a scalar
condition which interferes with the binary pulsar orbits.
A general solution for such type of constraint is pro-
posed, by increasing the number of extra dimensions in
the covariant formulation, until the bulk becomes stable
in the sense that its metric is not perturbable, regardless
of what is happening with the brane-world embedded on
it.
On the other hand, we have found that the primary
source of the high energy inflation constraint is in most
cases the Z2 symmetry across the brane-world. We show
that although this result can be implemented in the co-
variant formulation on a specific brane-world, in general
the Z2 symmetry is not consistent with the regularity
theorems required by its perturbations.
2II. THE COVARIANT EQUATIONS OF
MOTION IN ARBITRARY DIMENSIONS
The four-dimensional brane-world can be seen as the
result of the motion of a 3-brane embedded in a D-
dimensional bulk, D = 4+N , whose geometry is defined
by the Einstein-Hilbert action integral[1]
∫
R
√
−GdDv = α∗
∫
L∗
√
−GdDv (1)
where α∗ is the bulk energy scale and L∗ is a source
Lagrangian usually describing gauge fields and ordinary
matter confined to the brane-world. Taking the variation
of this action with respect to the bulk metric GAB we
obtain the bulk Einstein’s equations
RAB − 1
2
RGAB = α∗T ∗AB (2)
The confinement hypothesis states that the standard
gauge fields and ordinary matter remain trapped in a 3-
brane, or better, in the 4-dimensional manifold spanned
by its motion in the bulk. On the other hand, the ex-
clusive probing of the extra dimensions by TeV gravitons
say that the geometry of that manifold present oscillation
modes at that energy scale. Thus, these two postulates
require a submanifold structure, the brane-world, which
remains always embedded in the bulk.
The embedding of a manifold into another can be real-
ized in many different ways and the choice of one or an-
other depends on what it is supposed to do. The action
principle (1) suggests that the four-dimensional gravita-
tional field is induced by that of the bulk, and the sim-
plest realization of such induction is through a local and
isometric embedding.
A very common simplification consists in assuming
that the embedding functions are analytic in the sense
that they are representable by convergent positive power
series. This type of embedding is is useful to prove the-
orems in mathematics, but it bypasses some of the dif-
ferentiable properties required by the dynamics of the
brane-world. Thus, except in some particular instances,
the analytic embedding is not suitable for the brane-
world whose geometry represents a high energy field (at
the least at the TeV scale). The more general differen-
tiable embedding, obtained via differentiable perturba-
tions of a given background, is briefly reviewed below,
mostly extracted from the classic literature on this sub-
ject [12, 13, 14].
[1] Notation: Curly curvature components R... refer to the bulk,
while straight curvature components R... refer to the brane-
world. Capital Latin indices run from 1 to D. Small case Latin
indices refer to the extra dimensions only, running from 5 to D.
All Greek indices refer to the brane-world, counting from 1 to 4.
An overbar denotes an object of a fixed background brane-world
geometry. The semicolon denotes the covariant derivative with
respect to the brane-world metric gµν .
The differentiable embedding of a given manifold V¯4
with metric g¯µν in an arbitrary bulk VD, D = 4 + N ,
with metric GAB , is given by D differentiable maps X¯A :
V¯4 → VD, satisfying the (isometric) embedding equations
X¯A,αX¯B,βGAB= g¯αβ , X¯A,αη¯Ba GAB=0, η¯Aa η¯Bb GAB=ǫaδab (3)
where η¯a denotes the components of the N = D − 4
orthogonal vectors normal to V¯4, and ǫa = ±1 correspond
to the two possible signatures of each extra dimension.
Once we have the embedding of that particular V¯4, we
may deform (or perturb) it along an arbitrary direction ζ
in the bulk, given by the Lie derivative of the embedding
coordinates
ZA = X¯A + (£ζX¯ )A (4)
To avoid possible coordinate gauges which could trigger
false perturbations, as in [13] we consider the deforma-
tions along the unit normals ηa, parameterized by the
extra coordinates ya. In this case, the components of the
deformed embedding functions ZA = X¯A + yaηAa must
satisfy embedding equations similar to (3), with the dif-
ference that now they depend on ya. Using (3) and (4),
we obtain the geometry of the perturbed manifold
gµν(x, y) = ZA,µZB,νGAB = g¯µν− 2yak¯µνa +
yayb[g¯αβk¯µαak¯νβb + g
cdA¯µcaA¯νdb], (5)
gµa(x, y) = ZA,µηBa GAB =yaAµab, (6)
gab(x, y) = η
A
a η
B
b GAB =ǫaδµa, ǫa=±1, gabgbc=δac (7)
where the first equals signs show that these are the com-
ponents of the bulk metric GAB evaluated in the embed-
ding vielbein {ZA,µ, ηAa }
In addition to the metric components we have also the
extrinsic curvature and the ”torsion” vector, respectively
given by
kµνa(x, y) = −ηAa,µZB,νGAB = (8)
k¯µνa− ybg¯αβ k¯µαak¯νβb −gcdybA¯µcaA¯νdb,
Aµab(x, y) = η
A
a,µη
B
b GAB=A¯µab(x) (9)
Notice that (5) and (8) imply that the extrinsic curvature
also propagates in the bulk, according to York’s relation
(extended to the extra variables ya):
kµνa = −1
2
∂gµν
∂ya
(10)
However, from (9) it follows that Aµab does not propagate
at all in the bulk. Finally, defining hAB = gµνZA,µZ
B
,ν ,
with inverse hAB = GAMGBNhMN , we obtain from (5)-
(7)
hAB = GAB − gabηAa ηBb (11)
In order to guarantee that the perturbed manifold re-
mains embedded in the same bulk, the Riemann ten-
sor RABCD must be independent of the hypersurface on
3which its components are expressed. Therefore, using
the vielbein {ZA,µ, ηAa } defined by the perturbed hyper-
surface, the components of that tensor give the required
condition. After eliminating the redundant expressions,
the remaining equations are the well known Gauss, Co-
dazzi and Ricci equations:
RABCDZA,µZB,νZC,ρZD,σ = Rµνρσ−2gcdkµ[ρckσ]νd (12)
RABCDZA,µηBa ZC,νZD,ρ = 2kµ[νa;ρ]−2gcdA[ρcakµν]d (13)
RABCDηAa ηBb ZC,µZD,ν = −2A[µab;ν]−2gcdA[µcaAν]db
− 2gαβk[µαakν]βb (14)
where brackets apply to the adjoining indices only.
It is clear that the equations of motion of the brane-
world must also be compatible with those equations. In
fact they can be derived from the contraction of (12) with
gµν . After using(11) we obtain
RABZA,µZB,ν = Rµν− gcd(gαβkµαckνβd − Hckµνd)−
gabRABCDηAa ZB,µZC,νηDb (15)
where we have denoted Ha = g
µνkµνa. A further con-
traction with gµν gives the Ricci scalar
R = R− (K2 −H2) + 2gabRABηAa ηBb −
gadgbcRABCDηAa ηBb ηCc ηDd (16)
where K2 = gabkµνakµνb and H
2 = gabHaHb. From
(16) we may write the same Einstein-Hilbert action (1),
but now expressed in terms of the intrinsic and extrinsic
brane-world geometry
∫
R√−GdDv =
∫
[R −K2 +H2]√−GdDv +
∫
[2gabRABηAa ηBb −gadgbcRABCDηAa ηBb ηCc ηDd ]
√−GdDv
= α∗
∫
L∗dDv (17)
If wished, at the level of the variational principle, we may
add terms such as boundaries and cosmological constant.
Taking the variation of (17) with respect to the sep-
arate metric components gµν , gµa and to gab, and de-
noting by T ∗µν = T
∗
ABZA,µZB,ν , T ∗µa = T ∗ABZA,µηBa and
T ∗ab = T
∗
ABη
A
a η
B
b the corresponding energy-momentum
tensor components derived from L∗, we obtain the co-
variant equations of motion consistent with (15) and (16)
(Rµν−1
2
Rgµν)−Qµν − gabRABηAa ηBb gµν +
(Wµν − 1
2
Wgµν) = α∗T
∗
µν , (18)
kρµa;ρ−Ha,µ−
1
2
(R−K2+H2)gaµ+Aρcakρcµ −AµcaHc −
Wµa+g
mnRABηAmηBn gµa = α∗T ∗µa (19)
R−K2 +H2 + N − 1
2
R+ 1
2
W = α∗T
∗ (20)
where we have denoted
Qµν = g
abkρµakρνb −Hakµνa−1
2
(K2 −H2)gµν (21)
Wµν = g
adRABCDηAa ZB,µZC,νηDd (22)
Wµa = g
mnRABCDηAa ηBmZA,µηDn (23)
W = gadgbcRABCDηAa ηBb ηCc ηDd (24)
Notice that when all extrinsic properties are removed in
(18) we recover the usual Einstein’s equations in four
dimensions with the appropriate value of α∗. However,
with the embedding the presence of the extrinsic curva-
ture components is unavoidable. In particular, the tensor
Qµν is quadratic in the extrinsic curvature and it is con-
served in the sense that Qµν ;ν = 0, as it can be directly
verified [15].
Notice also that the above equations are equivalent to
(2). The difference is that the solutions of (18)-(20) rep-
resent a perturbation generated family of brane-worlds,
whose embedding in the bulk is already built in these
equations, while in the case of (2), the embeddings of
the perturbations need to be checked afterwards. This
difference is due to the distinct choice of dynamical vari-
ables for the same action. In (2) the dynamical variables
are the components of the bulk metric GAB chosen af-
ter a metric ansatz, while in (18)-(20) the components
of the same metric (5)-(7), are obtained in the embed-
ding frame. This difference may indicate that the gravi-
scalar and gravi-vectors depend on the basic brane-world
in which they are written. Under a perturbation of that
brane-world these quantities may change. In this respect
it is enlightening to compare with another choice of dy-
namical variables (ZA) for the same action, made in the
past, producing a weaker set of equations as compared
with (2) [17].
III. CONSTRAINING THE
FIVE-DIMENSIONAL BULK
Since all reported constraints refer to five dimensional
models, in this section we restrict the previous analysis
to D = 5, noting that in this case Aµνa = 0 and W = 0.
For notational simplicity denote kµν5 = kµν . Also, to
simplify our arguments, we fix the bulk signature to be
(4, 1) (That is g55 = 1). Then, the covariant equations
(18)-(20) simplify to
(Rµν−1
2
Rgµν)−Qµν−RABηAηBgµν+Wµν=α∗T ∗µν , (25)
kρµ;ρ −H,µ = α∗T ∗µ5, (26)
R−K2 +H2 = −2α∗T ∗55 (27)
In the following we apply these equations to the analysis
of the binary pulsar and the high energy inflation con-
straints.
1- Constraints generated by bulk gravitational waves
4The model used in [1] is based on a fairly general met-
ric ansatz defined in a cylindrical bulk with an oscillat-
ing radius, but without implementing the Z2 symmetry.
Considering the linear expansion of the bulk metric
GAB = ηAB + γAB (28)
and applying the corresponding de Donder Gauge, we
obtain the wave equations 2ΨAB = α∗T
∗
AB. Using a
coordinate system in which these equations split as
2Ψµν = α∗T
∗
µν gravitons (29)
2Ψµ5 = α∗T
∗
µ5 gravi-vector (30)
2Ψ55 = α∗T
∗
55 gravi-scalar (31)
By following a perturbative approach, it was found that
the gravi-vector does not produce any appreciable conse-
quence on the orbits of the binary pulsar PSR1913+16,
but the gravi-scalar induce a slowdown of its period by
−2.87× 10−12, instead of the known experimental value
−(2.408± 0.001)× 10−12 [1]. Although these results are
claimed to be coordinate gauge independent, it is not
clear the extent in which they depend on the chosen bulk.
To see how the same problem translates to the covari-
ant formulation, consider the same linear perturbation of
the bulk geometry. It is a simple matter to see from (5)
that this perturbation is transferred to the brane-world
metric as
gµν(x, y) = ηµν + γµν , γµν = ZA,µZB,νγAB
and from (10) we obtain kµν = −∂γµν/2∂y. Since Qµν
is quadratic in kµν , it follows that such term is negligible
in the presence of linear terms on γµν . Consequently, in
the same cylinder bulk and using Tµν = T¯µνδ(y), Tµ5 =
T55 = 0, equation (25) becomes
2Ψµν = 8πGT¯µνδ(y),
which is essentially the same graviton equation (29).
On the other hand, instead of the equations (29), (30),
we have the equations (26) which corresponds to the trace
of Codazzi’s equations and this will be an identity in a
bulk with cylindrical topology. Finally, in the same ap-
proximation we obtain that H2 = 0 and K2 = 0, so that
equation (27) in the same de Donder gauge is equivalent
to gµν 2Ψµν = 0, implying that Tµν must be trace-free.
Therefore, we obtain from the covariant equations of
motion a set of equations which is equivalent to the equa-
tions in [1], suggesting that the bulk generated gravita-
tional waves in general imply in a constraint to the binary
pulsar, but its effectiveness must be revalued.
It is interesting to note that the massive modes were
not taken into consideration in [1]. However, when the
extra dimension is compact, the tangent components of
the wave functions can be always harmonically expanded
as
Ψµν =
∑
n
β(n)µν e
inπy
ℓ
Thus, denoting Mn = n
2π2/ℓ2 and the n-mode by Ψ
(n)
µν ,
the wave equation can be written as
2Ψµν =
∑
n
(ηαβ∂α∂β −M2n)Ψ(n)µν = 8πGTµν
Unless we restrict ourselves to the zero-mode, a four-
dimensional observer naturally interprets Mn as a mass
attached to the n-mode Ψ
(n)
µν . As it has been suggested
in another contexts (as for example affecting the bend-
ing of light rays from distant sources by the Sun [16]),
depending on the size of ℓ, such masses may contribute
to local gravity effects on the brane-world, including the
binary pulsar.
The existence of the binary pulsar constraint suggests
that the bulk geometry should be algebraically special,
of a non-radiative type. However, it is hard to explain
such hypothesis on theoretical grounds. More realisti-
cally, the binary pulsar constraint can be seen as an indi-
cation that the dimension of the bulk cannot be fixed to
five. Indeed, as a manifold the bulk can also be embed-
ded in a larger bulk. Thus, supposing that we have ini-
tially a five-dimensional flat bulk whose geometry is per-
turbed, producing a new non-flat five-dimensional bulk,
also containing the original brane-world. The perturbed
non-flat bulk can be embedded in, say, a six-dimensional
flat bulk. If for some physical action the geometry of
this six-dimensional bulk is again perturbed, then it can
be re-embedded in an even higher-dimensional flat bulk.
Such re-embedding process can be repeated over and
over, until reaching a sufficiently higher-dimensional flat
bulk whose geometry is flat and stable in the sense that it
does not change regardless of the dynamical state of the
embedded brane-world. According with such view, the
binary pulsar is suggesting that D = 5 is not sufficient.
This flat-stable bulk can be considered as the analo-
gous to the ground state of Kaluza-Klein theory, repre-
sented by the D-dimensional Minkowski space solution of
Einstein’s equations. However, this analogy is only par-
tial because Kaluza-Klein theory is based on the product
topology V4 × BN and not on a dynamical submanifold
structure like in the brane-world case. Nonetheless, V4
can be seen as locally embedded in the product space
obeying the same Einstein-Hilbert dynamics, leading to
some variations of the Kaluza-Klein theory which closely
resembles the brane-world theory [18, 19, 20, 21].
In the general case, the existence of such flat-stable
bulk was established originally by Nash and later on
generalized to non positive metrics by Greene [13, 14],
producing the general expression for the bulk dimension:
D = n(n+ 3)/2. For a 3-brane this gives D = 9 and for
the brane-world we obtain D = 14. It is important to re-
alize that this has nothing to do with supergravity which
would impose a D = 11 limit. Yet, it has been noted that
a 14-dimensional bulk with signature (13, 1) can also em-
bed some interesting super-algebras [22]. Also it should
be remenbered that the use of the extra embedding di-
mensions as a possible generator of gauge symmetries has
5been proposed long ago [23, 24], suggesting an SO(10)
based GUT model on the the brane-world.
2 - High Energy Inflation Constraint
Here we have a different problem resulting from the
presence of the ρ2 term in the brane-world modified
Friedman’s equation. Accordingly, the presence of such
term implies in a slowing down of the high energy in-
flation, inconsistently with the anisotropy data from the
WMAP/SDSS/2dF experiments [2, 3].
In order to understand how the ρ2 term appears in
Friedman’s equation consider again Einstein’s equations
for the bulk, now written as
RAB = α∗(T ∗AB −
1
3
T ∗gAB) (32)
Using a Gaussian normal coordinates on the brane-
world, in which the metric components are gµν , gµ5 = 0
and g55 = 1, the tangent components Rµν of the above
equations are (after using (10))
Rµν − ∂kµν
∂y
− 2kρµkρν + hkµν = α∗(T ∗µν −
1
3
T ∗gµν) (33)
Taking the brane-world as a boundary, separating two
regions of the bulk, labeled by + and − respectively, the
difference between the above components, calculated on
each side of the brane-world for y → 0 is zero because
there is no real distinction of the Riemann geometry of
the bulk as seen from each side. This situation changes
when the Z2 symmetry is assumed across the brane-world
V¯4, so that the brane acts as a mirror. In this case, an
object that senses the extra dimension in one side is mir-
rored by V¯4 to its image. This is the case of the extrinsic
curvature which measure the tangent component of the
variation of the normal vector η, when its foot is dis-
placed on the brane-world. From the mirror image of
this variation we obtain k+µν = −k−µν . Using the mean
value theorem for the derivative of kµν with respect to y,
we also find that (with k+µν = kµν)
−(∂kµν
∂y
)+ + (
∂kµν
∂y
)− = −2kµν
y
Denoting [X ] = X+ − X−, and X = X¯(x)δ(y), under
the Z2 symmetry it follows that in the limit y → 0
|y|[X ] =
∫ y
−y
|y|X¯δ′(y)dy +
∫ y
−y
y
|y|X¯δ(y)dy = 2X¯
Replacing these expressions in the difference of the ex-
pression (33) calculated in both sides, for X = T¯µν , we
obtain at y = 0 the Israel-Lanczos condition
k¯µν = −α∗(T¯µν − 1
3
T¯ g¯µν) (34)
Therefore, this condition follows from Einstein’s bulk
equations (2), plus the Z2 symmetry, plus the delta func-
tion confinement of T ∗µν .
The Z2 symmetry across the brane-world was origi-
nally motivated by the Horava-Witten theory to com-
pactify the 11-dimensional M-theory to the product
topology V10 × S1/Z2. However, when the same princi-
ple is transposed to the brane-world theory based on the
Einstein-Hilbert action in five dimensions, the bulk be-
comes orbifold compactified to V4×S1/Z2 with the identi-
fication −y → y [25, 26, 27, 28]. However, S1/Z2 is not a
manifold and some of the conditions required for the dif-
ferentiable embedding fail to apply. Actually, under the
Z2 symmetry, all perturbations of the brane-world have
a mirror perturbation on the opposite side of the back-
ground, with the derivatives of the normal having oppo-
site signs. Consequently, the regularity of the embedding
functions is not generally defined and the mentioned the-
orems of Nash and Greene, which depend on extended
regularity, fail to apply. In other words, the implemen-
tation of the Z2 symmetry is not completely consistent
with covariant formulation of the brane-world. However,
if we restrict this to the background brane-world V¯4, as it
is the case of (34), then it does not really matter because
this background was assumed to be embedded in the first
place.
The implications of this symmetry, or of (34), to the
high energy inflation is as follows: Taking T¯µν as the
energy-momentum tensor of the confined perfect fluid in
(34) and replacing k¯µν in the expression of Qµν in (25),
then Friedman’s equation becomes modified by the addi-
tion of a squared energy density ρ2 term [5, 29]. There-
fore, the high energy constraint remains valid in the back-
ground geometry only and it is suggesting that the Z2
symmetry is not consistent with the perturbations of that
background along the extra dimensions. It is possible to
replace the Z2 symmetry by alternative conditions ap-
plied to the geometry of the brane-world. In these cases
the effects of the alternative conditions on the differen-
tiable structure need to be examined separately [28, 30].
Concluding Remarks
The binary pulsar PSR1913+16 has proven to be a
valuable tool to test alternative gravitational theories
[31]. Therefore, it should be applied as a test to the
brane-world proposal, as it was done in [1]. However,
to be certain, the evaluation must be done in a model-
independent fashion, as long as we have a consensus on
what is meant by model-independent. In the present note
we have derived the equations of motion for a general
brane-world in an arbitrary dimensions, based only on
the Einstein-Hilbert action principle for the bulk geome-
try, the confinement hypothesis and the exclusive probing
of the extra dimensions by the four-dimensional gravita-
tional field, leaving aside any specific model property.
The probing energy can be fixed at the TeV scale, but
here this was generally assigned to a constant α∗.
Taking the dynamical variables as the bulk metric com-
ponents in the embedding frame, we found the equations
of motion (18)-(20) which describe an embedded brane-
world in the bulk, under the very reasonable conditions
6that their embedding functions remain differentiable and
regular. It follows from these equations that the five-
dimensional bulk may not be sufficient to embed all possi-
ble configurations of a dynamically evolving brane-world.
Yet, models defined in the five-dimensional bulks have
become so popular in the past five years that it almost
become a synonymous of the brane-world theory. The
binary pulsar constraint corroborate that such limitation
on the bulk dimension cannot be maintained.
This conclusion is supported by the high energy infla-
tion constraint. Indeed, we have shown that the Z2 sym-
metry adopted in the most of the five-dimensional brane-
world cosmologies is the primary source of the cause of
the high energy inflation constraint. As it happens, this
symmetry implies that all perturbations of a brane-world
has a mirror image with respect to y = 0 and this im-
plies that the tangent components of the normal vec-
tor derivatives have opposite directions. When this is
used as an orbifold compactification, the regularity of
the embedding functions becomes undefined and conse-
quently the differentiable embeddings are compromised.
The high energy inflation constraint is telling us that the
Z2 symmetry and the orbifold compactification must not
be present on the brane-world. Therefore, the two con-
straints suggests by different ways that the brane-world
program requires more than five dimensions.
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